Bai giang Toan Cao Cép PGS.TS Lé Anh Vi

BAI GIANG TOAN CAO CAP (HIGHER MATHEMATICS)

PHAN I: PAI SO TUYEN TiNH VA QUY HOACH TUYEN TiNH
(LINEAR ALGEBRAS AND LINEAR PROGRAMMING)

CHUONG Il. KHONG GIAN R" VA SO LUQC VE KHONG GIAN VECTO
(VECTOR SPACES or LINEAR SPACES)

Noi dung co ban
- Vecto dong, cot n chiéu va cac phép toan vecto. Vec to trong kinh té.
- Khéng gian R". So luoc vé khong gian vecto
- T6 hop tuyén tinh. Doc 1ap va phu thudc tuyén tinh. Hang cua hé vecto.
- Co s0, s6 chiéu. Toa do cua vecto.

- Déi co 6. Cong thirc doi toa ds.

Thuét ngit then chét (Viét — Anh)

- Vecto & vo hwéng — Vector & Scalar; - Phép toan tuyén tinh — Linear Operation;

- Phép cong vecto — Vector Addition; - Nhén s véi vecto — Scalar Multiplication;

- Khong gian vecto / Khong gian tuyén tinh — Vector Space / Linear Space;

- T6 hop tuyén tinh — Linear Combination; - Vec to khong — Zero Vetor;

- Poc 1ap tuyén tinh /phu thugc tuyén tinh — Linear Independence / Linear Dependence;

- Hang cia hé vecto — Rank of a system of vectors;

- Co s& & s chiéu — Basis & Dimension; - Toa dd/Péi co sé — Coodinates/Change of Basis.

I1.1. KHONG GIAN R"
11.1.1. VECTO DONG VA COT - CAC PHEP TOAN VECTO
1. Tap hop R"
Tap hop R" 1a lity thira Dé-Cac béac n cta tap s thue, tic 1a
R":={x= (X1, X2, ..., Xn) / X1, X2, ..., Xn € R},0<n e N.
2. Vecto dong hay cot
2.1. Mdi phén tor X = (X1, X2, ..., Xn) dugc goi 1a mot vecto dong n chiéu hay don gian la
vecto n chiéu khi khong so nham 1an. L(c ndy, ta hinh dung R" nhu tip cac ma tran dong
n phan tir (cap 1x n).
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. X 3 X .
2.2. Néu ta xem mdi phan tir cia R" nhu mot ¢t x = | *| (cap n x 1) thi ta s& goi x 1a mot

Xn
vec to' ¢t n chiéu. LUc ndy, R" lai dugc hinh dung nhu tip cac ma tran cot n phan tir (cip
nx1).
2.3.Vecto khong

0
Dong O =(0, 0, ..., 0) hay c6t O = | _| trong R" duogc goi 1a vec to khong (dong hay cot).

0
2.4. Nhan xét
a) Puong nhién viéc biéu dién céc phan tir trong R" dudi dang vecto dong hay cot chi 1a
hinh thic va tuy vao su tién dung chur thuc chét khong lam thay ddi ban chat su viéc.
Tuy vao phép tinh toan vé sau, lac thi dang dong tién lgi khi thi dang cdt dugc uu tién.
b) Hai vecto bang nhau khi va chi khi chiing bang nhau nhu hai ma tran (dong hay cot).
Nhu vay, véi x = (X1, X2, ..., Xn), Y = (Y1, Yz, ..., yn) bat ky trong R", ta c6
X=y < x=y;j=12,...,n
¢) Dé phan biét voi cac vecto, mbi sb thue con duoc goi 1a mot vé huwdng.
Hay ty tim hiéu vai tro cta vecto n chiéu trong kinh té.
3. Cac phép toan vecto
Vi céc vecto n chiéu thuc chat 1a cic ma tran dong hay cO0t nén ta co thé lam cac phép toan
trén chung nhu dbi véi cic ma tran.
3.1. Phép cOng vecto
V6i hai vec to n chiéu tily ¥, ta dinh nghia tong ctia chung nhu tong hai ma tran (dong
hay cot) cting cdp. Nghia 1a
a) Cong hai vecto dong
X+Y:=(Xe+YLXo+ VY2, ooy Xn +Yn); VX = (X, X2, ..o, Xn), Y = (Y1, Va2, ..., Yn) €R".
b) Cong hai vecto cot

Xt X Y
X, + X

x+y:= | ax= [y =] e R
Xﬂ+yn Xn yn

3.2. Phép nhan mét vé huéng (s6) véi vecto
a) Phép nhan mot vo hudng (s6) véi vecto dong
a.x : = (axy, axy, ..., axn); VX = (X1, Xo, ..., Xn)eR", VaeR.
b) Phép nhan mot vo hudng (s6) vdi vecto cot

ax, X,
aXZ XZ n

ax.=| “|;v¥x=| | eR", YaeR.
ax X

n n
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¢) Vi mbi vecto x tiy ¥, vecto (— 1)x duoc viét lai 13 — x va goi 1a vec to' ddi cia x.
Cac phép toan vecto néu trén con dugc goi la cac phép toan tuyeén tinh.,

4. Cac tinh chit co ban ciia cac phép toan tuyén tinh
Céc phép toan tuyén tinh c6 nhiéu tinh chat, trong d6 c6 8 tinh chat co ban dudi day.
41. (x+y)+z=x+(y+2);VxYy,zeR"

42. x+O=0+x=X, Vx eR".

43. x+(-X)=(-x)+x=0, Vx eR".

44. x+y=y+x;VxyeR"

45. a(x+y)=ax+ay; Vx,y eR", Va eR.
46. (a+b)x=ax+bx; Vx eR", Va, b eR.
4.7. (ab)x = a(bx) = b(ax); Vx eR", Va, b eR.
48. 1x=x, Vx eR".

Hay tu kiém chiing cac tinh chat néu trén.

11.1.2. KHONG GIAN R"
1. Pinh nghia: Tap hop cic vecto (dong hay cot) n chiéu R" cing voi hai phép toan tuyén tinh
duoc goi 1a khéng gian (vec to) R".
2. Nhan xét
a) Khi dung tén “khéng gian (vec to) R™, chii ¥ cta ta 1a mudn nhdn manh dén cdu trac cua
R", tirc 1a céc phép toan tuyén tinh va cac tinh chit co ban néu trén.
b) Khi n = 2, 3 dé thay R® c6 thé dong nhét véi mit phing toa do DE-Cac vudng goc Oxy, con
R® ¢6 thé ddng nhét voi khong gian toa d6 DE-Cac vudng goc Oxyz.
Hay tu kiém chtng diéu nay.

11.1.3. SO LUQC VE KHONG GIAN VECTO TRUU TUONG
1. Dinh nghia khong gian vecto
Xeét V la mot tap khong rgng ma méi phcfn te dwoc ky hiéu boi cac chir la-tinh u, v, x, y, z, ...
Gia sw da cho hai phép toan nhu sau:
+ Phép cong vecto VXV =V, (X, y) — X +Y;
+ Phép nhdn mot vé hudng (s6) voi vecto RXV =V, (a,y) — ax.
Ta bao V cung voi hai phép todan tuyen tinh da cho tao thanh mot khéng gian vecto hay
khéng gian tuyén tinh néu 8 tién dé duéi day théa man.

[A1]] (x+Yy)+z=x+(y+2); V%Y, zeR".
[A2] Tén tai mét vecto trong V ma dwoe goi la vec to khéng, ky hiéu O, sao cho
X+0=0+x=X, vxeR".

[A3] V&i moi x thudc V, ton tai mét vecto thuée V, ky hiéu — X, sao cho
X+(=X)=(=x)+x=0, rxeR".

[Ad] x+y=y+X; VX yeR".

[M1] a(x+y)=ax+ay; vk, yeR", vaeR.

[M2] (a+ b)x=ax+ bx; vx eR", va, beR.

[M3] (ab)x = a(bx) = b(ax); xeR", va, beR.

[M4] 1x=x, vxeR".
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2. Vai mé hinh kinh dién vé khong gian vecto:
+ Khéng gian s6 hoc R".
+ Khéng gian cdc vecto tir do trong hinh hoc so cdp.
+ Khoéng gian cdc da thiec.
+ Khéng gian cdc ham sé lién tuc trén mét doan.
+ Khéng gian cdc ma trdn ciing cdp.
+ Khong gian cdc nghiém ciia mét hé PTTT thudn nhdt.

Trong phan con lai ctia chuong, ta s& chi nghién ctiru mot s6 khai niém va tinh chét trong R" mic
du ching c6 ca trong mdt khong gian vecto bat ky.

I1.2. TO HOP TUYEN TiNH - POC LAP VA PHU THUQC TUYEN TINH
— HANG CUA HE VECTO

11.2.1. TO HQP TUYEN TiNH VA BIEU DIEN TUYEN TiNH
1. To hop tuyén tinh va biéu dién tuyén tinh q
Trong khong gian R" xét vecto v ciing véi mot hé m vec to vy, Vy, ..., V. Gid str c6 dang thirc

V=avit+aVve+ ...+t anVn (2.1)
6 do ay, a, ..., am 1a m s0 thyc nao d6. Khi do, vé phai cua dang thirc (2.1) dugc goi 1a mot 16
hop tuyén tinh ctua hé V1, V2, ...s Vim (trng v6i1 ho hé s0 ay, ay, ..., am). Ta cling bao v dugc biéu

dién (hay bteu thi) tuyén tinh qua hé vi, Vo, ...,

To hop tuyen tinh a;.vy + a,.Vo + ... + an. Vim duoc goi la tam thwo’ng néu moi hé sb6 déu bang

khong: ay=a,=...= =ap= 0. Ngu’O’c lai, néu ton tai du chi mot hé so0 aj (1 <1< m) nao do khac

khong thi to hop tuyen tinh a;.vy + a2.Vo + ... + am.Vim dugc goi la khong tam thuong.
2. Vi du va nhan xét

a) Vidu 1: Xétv,=(1,1,2,3),v2=(2,3,4,4), vs= (8,11, 16,18) € R*. Taco
+ V3 = 2v; + 3V, tirc 1a v3 duoc biéu dién tuyen tinh qua h¢ vy, va.

+ O =2v; + 3vy, —v3 = 0.vg + 0.v2 + 0.v3. Nghia 1a vec to khong O c6 it nhét hai cach biéu
thi tuyén tinh qua h¢ v1, Vo, Vs.

b) Vecto khong O ludn duge biéu dién tuyén tinh qua moi hé vecto boi to hop tuyén tinh tim
thuong: O = 0.vy + 0.V + ... + 0.vyn. Tuy nhién, d6 c6 thé khong phai 1a cach biéu dién
duy nhét.

¢) Vidu 2: Trong R®cho vi = (1, 2, 3), V> = (2, 3, 4) va v = (5, 9, m) v&i m 1a tham s6 thuc.
Tim gid tri cia m dé v dugc biéu thi tuyén tinh qua hé vi, V. V&i gia tri tim dugc ciia m,
céach biéu thi v qua vy, V2 o duy nhat khong? Tai sao?

Giai R rang, v duoc biéu dién tuyén tinh qua v, Vo khi va chi khi tim dugc hai s6 x1, X2
sao cho
V=X1.Vi+X2.V2 < (5,9, m)=xi(1, 2, 3) + x2(2, 3, 4)
< (5,9, m) = (Xg + 2Xp, 2X1 + 3X2, 3X1 + 4X2)
X, +2X, =5
< 2% +3x, =9 (2.2)
3x  +4X, =m

R& rang v duoc biéu dién tuyen tinh qua vy, v khi va chi khi h¢ (2.2) c6 nghiém d6i voi hai
an s6 X1, X2. Hon nira, cach biéu dién s& duy nhat hay khong tity vao hé (2.2) c6 nghiém
duy nhéit hay khong.
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D& thay hé (2.2) c¢6 nghiém khi va chi khi m = 13 va luc d6 hé c6 nghiém duy nhit x; = 3,
X2 =1.
Hay tu kiém chung lai diéu nay.

d) Nhu vay, viéc tra loi cau hoi vecto v co duwoc biéu thi tuyén tinh qua mot hé vecto nao dé
hay khong duoc quy Vé viéc xét dzeu kién c6 nghiém cia mét hé PTTT. Tinh duy nhat ciia
cdch biéu thi tuyen tinh dwoc quy vé xét tinh duy nhat nghiém ciia hé PTTT.

3. Tinh ddc 1ap tuyén tinh hay phu thudc tuyén tinh ciia hé vecto
a) Pinh nghia
Xét hé m vecto bat ky vy, Va, ..., v trong R".
+ Ta bao hé déc ldp tuyén tinh (dltt) néu vecto khong O chi c6 duy nhat mot cach duy nhét
biéu dién tuyén tinh qua hé boi t6 hop tuyén tinh tam thuong.
+ Nguoc lai, hé khong dltt duoc goi 1a phu thudc tuyén tinh (pttt).

b) Nhan xét
+ Hé vi, Vo, ..., v dltt néu tir mot t6 hop tuyén tinh bat ky ctia hé ma bang khong 1ap tirc
suy ra to hop d6 tim thuong:

(@arvitavet+...tanvn =0) = (1= a2=...=ap=0).
+ Nguogc lai, h¢ vy, Vo, ..., v pttt néu co it nhat mot to hop tuyén tinh khong tdm thuong
ma bang khong ciia h¢, tirc 1a tim dugc m sb thuc a;, ay, ..., am khong dong thoi triét tiu
sao cho a;.vy + a.Vo + ... + am.Vm = O.
4. Piéu kién ddc 1ap hay phu thudc tuyén tinh

Trong R" cho hé m vecto (dong) t0y Y Vi, Va, ..., V. Thiét ldp ma trin A bang cdch xép v,

V2, veey Vi ldn lwot la dONQ 1, 2, ..., m. Khi d6 ta c6

a) (Hé vy, Va, ..., v dltt) < (rankA = m = s6 vecto cta hé).

b) (Hé vi, Vo, ..., vm Pttt) < (rankA < m = sd vecto cua he).

Pac biét khi m =n, ta cd

C) (HE v1, Vo, ..., vy dltt) < (detA #0).
(Hé Vi1, Vo, ..., Vp pttt) = (detA = 0)

Hay tu chting minh cac khang dinh trén.

5. Piéu kién biéu thij tuyén tinh

Trong R" cho vecto v va hé m vecto (cOt) ty ¥ Vi, Vo, ..., V. Thiét Igp ma trin A bing cdch

Xép V1, V2, veey Vi lan lwot la cot 1, 2, ..., m va ma tran A’ nhdn duoc tir A bang cdach thém

cotv vao ben phai A (lam cgt thir m + 1). Khi do6 ta co

a) (v duoc biéu dién tuyén tinh qua hé v, Vo, ..., vim) < (rankA = rankA”).

b) (v dugc biéu dién tuyén tinh mot cach duy nhét qua hé vy, Va, ..., Vi)

< (rankA = rankA’ va hé vy, Vo, ..., vy dltt) < (rankA = rankA’ =m).
Hay ty chimg minh cic khang dinh trén.
6. Cac vidu
a) Vi du 3: Trong R*, xét tinh dltt hay pttt ciia hé vecto sau ddy tiy theo tham sb thyuc m.
vi=(1,2,21),v.=(256,5),vs=(4,9, 10, m).
Gidi Xét ma tran A ma vy, Vo, V3 lan luot 1a cac dong 1,2,3 r6i BDSC ta duoc
1 2 21 1 2 21 1 2 21

A=|2 56 5|—-| 01 2 3 |—»| 01 2 3 |(Bacthang)
4 9 10 m 01 2 m-4 0 0 0 m-7
2 khi m=7,

RG rang rankA = ]
3 khi m=7.
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Viy, hé v1, Vo, V3 pttt khi m=7va dltt khim#7. )
b) Vi du 4: Trong R®, xét tinh dltt hay pttt ciia hé vecto sau dy tiy theo tham sé thue m.
Vl = (1’ 27 4)! Vz = (31 5! 6)! V3 = (4| 7, m)'

Giai Xét ma trin A ma vy, Vy, V3 1an luot 1a cac dong 1, 2, 3. Ta duoc detA =

A W
~N o1 N
3 o &
11
'_\
o
|
3

Vay vy, Vo, V3 dltt khi m # 10 va pttt khi m = 10.
¢) Vi du 5: Trong R* xét cac vecto
vi=(1, 2, 3,6), Vo = (3,7, 10, 20) vs = (4, 9,14, 27),v = (7,16, 20, m).
Tim diéu kién cua tham sb thue m dé v biéu dlen tuyen tinh qua V1, V2, V.
Giai Viét cac vecto dd cho dudi dang cot rdi lap ma trin A (cap 4x3) nhan duogc tir cac
cOt v1, Vo, Va. Sau d6 thém v vao lam cot thir tu ta duwoc ma tran A’. BDSC ta dugc
1 3 4|7 1 3 4 7 1 3 4 7 1 3 4] 7
2 7 916 011 2 011 2 01 1 2
— — —
3 10 1420 01 2 -1 0 04y -3 0 0 1 -3
6 20 27|m 0 2 3m-—42 0 0 1Im-—46 0 0 O/m-—43
3 khi m=43;
4 khi m=43.
Vay v duoc biéu dién myén tinh qua v1, Vo, V3 khi va chi khi m = 43.
Nhan xét: Vi rankA = 3 nén vy, Vo, V3 dltt. Do d6 khi m = 43, v dugc biéu dién tuyén tinh
qua Va1, V2, V3 mot cach duy nhét.
11.2.2. HANG CUA HE VECTO
1. Pinh nghia: Trong R" xét hé m vec to vy, Va, ..., vm. Ta bao hé ¢6 hang la r (r 1a mot s6 tu
nhién), ky hiéu rank(v, Va, ..., vm) = I, néu hai diéu kién dudi ddy thoa man.
(i) Tim duoc r vecto nao d6 trong hé vi, Va, ..., vim Sa0 cho hé r vec to do dltt.
(ii) Néu ta bd sung thém bat ky mot vecto nao trong vi, Va, ..., Vi Va0 hé r vecto dé, ta déu
nhan duoc h¢ pttt.
Hé r vecto thoa man hai diéu kién trén dugc goi 13 hé con dltt téi tai cta hé vi, Vo, ..., V.
2. Nhén xét: Hién nhién 0 < rank(vy, Va, ..., vm) < m (sd vecto cta hé). Hon nita
(rank(vy, Vo, ..., vim) =m) < (hé vy, Vo, ..., vy dltt).
3. Ménh d@é: Trong R" cho vecto v hé vecto v, Va, ..., vim tly V.
+ Viét cac vecto theo dong va thiét 14p ma tran A ma cac dong 1an luot 14 v, Va, ..., vim. khi
do ta co rank(vy, Vo, ..., vm) = rankA.
+ Viét cac vecto theo cot va thiét 1ap ma trdn A ma céac cot 1an luot 14 v1, Vo, ..., vm. khi d0 ta
co rank(vy, Vo, ..., vim) = rankA.
+ (v biéu dién tuyén tinh qua v1, Vo, ..., vm)< rank(va, Va, ..., vim) = rank(vi, Vo, ..., vm,V)
4. Vi du 6: Tim diéu kién cta tham sé thuc m dé hé vecto duéi day trong R* ¢6 hang 16n nhét.
vi=(1, 2, 2, 1) V,=(2,5,6,5),vs=(4, 9, 10, m).
Gidi Xétma trdn A ma v, Vo, V3 lan luot 1a céac dong 1,2,3 r6i BDSC ta dugc
1 2 21 1 2 21 1 2 21

A={2 56 5|—-| 01 2 3 |—| 01 2 3 | (Bacthang)
4 9 10 m 01 2 m-4 0 0 0 m-7

[AvV]=A’>

RO rang rankA = 3 (khong phu thudc m), rankA’ = {
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2 khi m=T7; ,
R rang rankA = 13 hi . Vay rank(v, Vy, V3) = rankA = 3 1a 16n nhat va dat duoc
i m=7.

khi va chi khim # 7.

11.3. CO SO - SO CHIEU - TOA PQ
11.3.1. CO SO VA SO CHIEU

1. Cos6: He (sap thir tr) (B) = (by, by, .. ., bm) cdc vecto trong R" dugc goi 1a mot co’ s cia R"
néu (B) dltt va moi vec to bat ky cua R déu duoc biéu dién tuyén tinh qua (B).

2. Pinh ly: Cho hé (sip thir tw) (B) cdc vecto trong R". Khi d6 hai khing dinh duwdi diy twong
duong.

(i) (B) la mét co sé ciia R".
(i) (B) dltt va gom diing n vecto.

3. Nhén xét: Nhu vy, mdi co sd trong R" déu c6 s6 vecto bang nhau va ding bang n. Hon nifa,
gia str ¢6 hé sap tht tu n vecto (B) = (by, by, ..., by). Thiét 14p ma tran B bang cach xép cac by,
by, ..., by thanh dong (hay c6t). Khi d6 ta co

(B)lacosoR ") < (detB#0) < _(rankB =n).

4. S6 chiéu: S6 vecto ctia mdi co s& trong R" duoc goi 1a s6 chiéu cua R", ky hiéu dimR" = n.
Ta ciing bao R" 1a mot khong gian n chiéu.

5. Vi du 7 (co sé chinh tic): Hién nhién bd n vecto

C(n) :=(e=(1,0,0,...,0,0),e2=(0, 1,0, ...,0,0), ...,en=(0,0,0, ..., 0, 1))
1a mot co s& ciia R" va duoc g01 1a co s6 chinh tac.
6. Vidu 8: Tim diéu kién cua tham s6 thuc m dé hé
(B) = (01=(1,2,3),b2=(2,5,6),bs = (3,7, m))
la mot co sé cua R”.
Giai Vi (B) gdm 3 vecto trong R® nén chi can kiém tra tinh dltt cua (B). Xét dinh thirc cip
3 tao bai cac dong by, by, bs. Ta co

1 2 3
2 5 6|=mM-9=0&m=09.
3 7 m

Vay (B) 1a mét co s6 ctiia R® khi va chi khi m # 9.
7. Nhan xét:

a) Trong khdng gian R", mdi hé gdm nhiéu hon n vecto déu pttt. Mdi hé dltt déu gdm khong
qua n vecto.

b) Xét mot hé PTTT thuan nhat n an v6i ma tran hé s6 hang r (0 < r < n). Khi d6 tap nghiém
ctia hé nay 1a mot khong gian vecto n — r chidu va duoc goi 1a khong gian nghiém cua hé
dang xét. Mdi hé nghiém co ban ctia hé chinh 1a mot co sé ctia khong gian nghiém.

Hay tu kiém chting cac diéu trén.

1.3.2. TQA PO

1. Pinh Iy Trong R" cho co sé (B) = (bl, b2, ..., bn). Khi do, moi vecto x trong R" déu dwoc
biéu dién tuyén tinh mét cich duy nhit qua (B), ticc la luén tim dwoc duy nhit n sé thuwe x1,
X2, +eey Xn SA0 ChO X = X1b1 + Xoby + ... + xnbp.

2. Bmh nghia: Bo n s6 thuc sip thir tu (X1, X2, ..., Xn) trong biéu thirc & dinh 1y trén duoc goi 1a
(b) toa dp cta vecto x d6i v6i (hay trong) co s¢ (B), ky hiéu [X]g) = (X1, Xz, ..., Xn).
Khi co s¢ da duge chi rd va khong sg nham 14n, ta chi viét [x]g) don gian la [x] va goi la dong
toa dé cua x d6i vai (hay trong) co sd (B).
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&[]

5.

6.

7.

X
, X .
Chuyén vi ctia né, [x]'= | 7| duoc goi 1a cot toa dd cua x dbi voi (hay trong) co s6 (B).
Xn
. Nhén xét: Trong R", toa do cta vecto bat ky x = (X1, Xy, ..., Xn) trong co s chinh tic C(n)

chinh la b@ (X1, X2, oiuy Xn).
Hay tu kiém chung diéu nay.

. Vidu 9: Trong R cho céc vecto by = (1, 1, 2), by, = (2 3,5),b3=(3, 4, 8), x=(11, 13, 29).

a) Chumg t6 rang (B) = (b1, by, bs) 1a mdt co s¢ cua R,
b) Tim toa d¢ cua x trong (B).
Giai a) (B) gdm 3 vecto trong R®, hon nira sép by, by, bs thanh dong ta duge dinh thic
1 1 2
2 3 5/ =1#0,nghia la (B) dltt. Do do (B) 1a mdt co sé cua R®,
3 4 8
b) Gia str (x1, X2, X3) 1a toa do cta x trong (B). Ta co6
[Xl@) = (X1, X2, X3) < X =X1by + X2b2 + X3b3
< (11, 13, 29) = (X1, X1, 2X1) + (2X2, 3X2, 5X2) + (3X3, 4X3, 8X3)
X, +2%x, +3x, =11
S X +3X, +H4x, =13
2X,  +5x, +8x, =29.
Dbay 1a hé Cramer, gidi h¢ ta dugc nghiém duy nhit x; =2, X, = — 3; X3 = 5.
Vay, toa do cua x trong co so (B) la [x] = (2, — 3, 5).
Thur lai: Co thé kiém tra lai cac tinh toan nho xét déng thirec x = 2b; — 3b, + 5ba.
Nhan xét: Qua vi du trén ta théy, viéc tim toa do cua mdt vecto cho trudc trong mot co s¢ da
cho quy vé phép giai mot hé PTTT Cramer.
So lwgc vé doi co sé - Ma trin va cong thive doi toa dp
a) Pt vin dé: Gia sir trong R" ta xét cting mét lic hai ¢ (B) = (b1, by, ..., by) vd co sé (B) =
(b1, b2, ..., by’). Khi dé méi vecto x thuéc R" néi chung sé co hai b toa do khdac nhau doi
Voi hai co so dang xét: [x]@) = (X1, X2, ..., Xn) V& [X1m) = (X1, x2°, ..., Xn'). Ta sé tim mot
biéu thirc lién hé gitta hai bo toa do nay de khi biét mét trong chiing ta sé tim dwoc cd hai.
b) So lwgc gidi quyét vin dé: Ta thuc hién cdc buéc dudi ddy.
+ Budc I: Tim toa do cua tung vecto by’ cua co so (B’) trong coso (B), j =1, 2, .
+ Buwéc 2: Thiét lgp ma trgn C = [ciiln vuong cdp n ma cét thie j chinh la cét toa do cua by’
trong (B). C goi la ma trdn doi (hay chuyén) co sé tir (B) sang (B).
+ Buwéc 3: Thiét lgp cong thirc doi toa dj tir (B) sang (B’): [x] @ = C[X] ®)
¢) Nhdn xét: Ma trin déi co s¢ C tir (B) sang (B’) luén luén kha nghich va C™* chinh 1a ma
trdn déi co s6 ngu’ac lai tie (B’) sang (B).
Vi du 10: Trong R™ xét co so chinh tac C(3) cung voi co so
(B)—( b, =(1,2,3),b,=(1,3,4),bs= (2,4, 7))
a) Ldp ma trgn déi co so va cong thire doi toa do tir C(3) sang (B) va nguweoc lai tir (B) sang
C(@3).
b) Tim toa do cua vecto x = (5, 7, 9) trong (B).
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Giai a) Vi toa dé ciia méi vecto trong C(3) la chinh né nén ma tran déi co sé tir C(3) sang

1 1 2 5 1 -2
(B)la C=|2 3 4|. Conma trdn doi ngwoc lai tir (B) sang C(3)la C*=]-2 1 0|
3 4 7 -1 -1 1

Gid sir x = (x1, Xa, X3) ld vecto bdt ky trong R®. Puong nhién toa dé ciia x trong C(3) chinh la
(X1, X2, X3). Ky hiéu toa do cua x trong (B) la [x]@) = (u, v, w). Khi do, cong thirc doi toa do tur
C(3) sang (B) nhu sau

X[ |1 1 2fu XX= u +v +2w
[XlIce) =CIXl) < |%,|=|2 3 4||v| < ix,= 2u +3v +4w; (3.2.1)
X, [3 4 T7|w [ X, = 3u +4v  +7w.
Con cong thirc doi to dg ngwoc lai tir (B) sang C(3) la
u 5 1 =2||x u= 5x +X, —2X;
[X](B) cC [X]C(g) & |\vi=1-2 1 0iXx,| < V= —2X1 +X, (3.2.2)
wo|-1 -1 1x, W= —X —X, +X,.

b) x = (5, 7, 9) nghia la x1 =5, X2 =7, X3 = 9. Thay vao (3.2.2) ta tim duwoc toa do cua x trong
(B) la [X](B) (14, — 3, — 3) hay x = 14b;— 3b, — 3bs.

11.4. SOLUQOC VE KHONG GIAN CON - BAO TUYEN TINH (SV tw doc tai liéu tham khdio)
11.5. SO LUQC VE KHONG GIAN EUCLIDE (SV tw doc tai liéu tham khdo)

BAI TAP CHUONG II

I1.1. Xét tinh doc 1ap tuyén tinh, phu thudc tuyén tinh cua cac hé vecto dudi ddy trong khong
gian da chi ra.?

a) vi=(1,-3,5),v,=(2, 2, 4), vs = (4, — 4, 14) trong R®.

b) vi=(1,1,2,-3),v,=(2,3,5,8),v;= (3, 4, 7, 5) trong R*.

) vi=(1,2,-3,4),v,=(2,51,7),vs= (4,9, -5, 16) trong R*.
I1.2. Tim diéu kién cua tham sé m dé hé vecto dudi ddy doc 1ap tuyén tinh

a) vi=(1,2,2),v,=(2,5,4),v;= (4,9 m)trong R>.

b) vi=(1,1,2,-3),v,=(2,3,5,8),vs = (5, 6, 11, m) trong R*.

c) vi=(1,2,3,4),v,=(3,7,9,15), v3= (9, 20, 27, m) trong R*.
11.3. Tim diéu kién cua tham sé m dé hé vecto v dugc biéu thi tuyen tinh qua hé vecto da cho
duoi day

a) vi=(1,1,2),v,=(3,4,5),v3=(4,5,7),v=(13, 16,m).

b) vi=(1,1,2,3),v,=(2,3,5,8),vs=(5, 6,11, 17), v= (12, 15, 27, m).

c) vi=(1,2,3,4),v,=(3,7,9, 15), v3 = (6, 13, 18, 27), v = (10, 22, 30, m).
I1.4. Tinh hang cta cac hé vecto dudi day

a) Vi = (1, 2, 2), Vo = (2, 5, 4), V3 = (5, 11, 10)

b) vi=(1,1,2,3),v,=(2,3,5,8),vs=(5, 6,11, 17), v, = (12, 15, 27, 42).
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c) vi=(1,23,4),v.=(3,7,9, 15),v3 = (6, 13, 18, 27), v = (10, 22, 30, 46).
I1.5. Tim diéu kién cua tham sé m dé hé duéi day c6 hang 16n nhat
a) vi=(1,2,2),v,=(3,7,5),vs=(4,9,7),v=(13, 16,m).
b) vi=(1,1,2,4),v,=(2,3,5,9),vs=(5, 6,11, 21), v=(8, 10, 18, m).
c) vi=(1,2,3,4),v,=(4,9,9, 10), vs = (6, 13, 15, 19), v = (11, 24, 27, m).
11.6. H¢ vec to nao dudi day la co sé cua khong gian da chi ra.
a) vi=(1,2,3),v.=(3,1,2),v;=(2,3, 1) trong R>.
b) vi=(1,2,2,3),v,=(2,5,6,8),vs=(3,7,9, 12), v4 = (5, 12, 15, 20) trong R*.
¢) vi=(1,221),v,=(25,5,2),vs=(5 11, 11, 6), v, = (8, 18, 18, 10) trong R*.
I1.7. Tim diéu kién cua tham sé m dé hé duéi day 1a co s¢ cua khong gian di chi ra
a) vi=(1,2,3),v,=(3,1,2),v;=(2,3, m) trong R>.
b) vi=(1,2,3,4),v,=(2,5,5,8),vs=(3, 7,9, 11), v4 = (6, 14, 17, m) trong R*.
) vi=(1,21,2),v,=(3,7,37),v;=(4,9,5,8),v4=(4,18,9, m)trongR4
11.8. Tim toa d6 cua vec to x dudi day dbi véi co s¢ (B) da cho trong R,
a) B)=(b1=(1,2,3),b,=(3,1,2),b3=(2,3,1)); x=(2,7, 3).
b) (B)=(by=(1,3,5), b= (3, 10, 14), b3 = (4, 13, 20) ); x = (5, 16, 33).
) (B)=(bi=(1,4,5),b=(3 13, 12), by = (5, 21, 23) ); x = (2, 7, 14).
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CHUONG I1l. SOLUQC VE TOAN TU TUYEN TiNH VA DANG TOAN PHUONG
(LINEAR OPERATORS AND QUADRATIC FORMS)

Noi dung co ban
- Gia tri riéng, vecto riéng cia mdt ma tran va tinh chéo hoa.
- Pa thuce dac trung. Thuat toan tim gia tri riéng, vecto riéng va chéo hoa ma tran.
- Dang toan phuong. Dang chinh tic ciia dang toan phuong. Luat quan tinh.
- Thuat toan Lagrange dua dang toan phuong vé dang chinh tic.
Thuét ngir then chét
- Gia tri riéng — Eigenvalue; - Vec to riéng — Eigenvector;
- DPa thire dic trung — Charateristric Polinomial System;

- Dang toan phwong — Quadratic Form.
111.1. SO LUQC VE ANH XA TUYEN TINH VA TOAN TU TUYEN TINH (SV tu doc)

I11.2. GIA TRI RIENG, VECTO RIENG VA CHEO HOA MA TRAN VUONG
I11.2.1. PINH NGHIA VA Vi DU

1. Gia tri riéng, vecto riéng
Cho ma tran A vong cép n (n 14 s6 tu nhién duong). Gia sir co dang thirc Av=Av, 6 do v la
mot vecto (cot) khac khong ciia R™ va A 1a mot sé thuc (v6 hudng) nao d6. Khi dé ta n6i A 1a
mot gid tri rieng (GTR) cta A, con v 1a mot vecto riéng (VTR) cua A wng voi GTR A.

2. Ma tran vuong chéo héa dwgc va chéo héa ma tran vuong
Cho ma tran A = [aj]], vong cip n. Ta bio A chéo héa dwgc néu tim dugc mot ma tran C
vuong cung cép n va kha nghich sao cho C'AClama tran chéo. Luc do, ma tran C dugc goi
1a ma tran lam chéo héa A, con ma tran chéo D = C *AC dugc goi 12 dang chéo cia A. Khi A
chéo hoa dugc, qua trinh di tim ma trdn C lam chéo hoéa A va dang chéo ctia A dugc goi la
qua trinh chéo hoa ma tran vuong A.

3. Vidu
-3 2
Vidu 1: Xét ma tran A = .
—-21 10
. 1 1 1 .
+ Vi AH ZBL nén A =31amot GTR cila Avav= 3 la mot VTR cta A Gng véi A = 3.
2 2] . 2 .
+ Vi A7 =47 nenA=41lamot GTR cia Avav= , la mét VTR cua A tng véi A = 4.
. -2| 11 2 3 o L . . A1 L 1s
+ Vi - A3 ; :[O nén A chéo hoéa dugc voi C = la ma tran lam chéo hoa
. L . 30
AvadangchéocuaAla D= o 4l

Lam thé nao dé tim GTR va VTR va xét tinh chéo hoa ctia mot ma tran vuéng da cho?
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I11.2.2.

111.2.3.

N

2

Vi du 2: Ma tran A = 2

khdng c6 GTR nao, khong cd VTR nao va khéng chéo hoa

duoc.
Hay tu kiém tra khang dinh nay.

TINH CHAT VA NHAN XET

. Bang thitc Av=2Av < (A —Alv = O, & ddy I 1a ma trin don vi cing cip v6i A. Nhu viy, néu

A 1a mot GTR cta A thi h¢ PTTT thudn nhit (A — Al)v = O it phai c6 nghiém khong tam
thudng va mdi nghiém khong tim thudng chinh 1a mot VIR cia A tng véi GTR A. Tat nhién,
néu hé (A — A)v = O chi c6 nghiém tdm thuong duy nhat thi A khong 1a GTR cua A.

. Pinh thirc det(A — AI) quyét dinh sy c6 nghiém khac tim thuong hay khong cua hé (A — Al)v

= 0. Cu thé

+ Néu det(A — AI) # 0 thi hé khong c6 nghiém tam thuong. Khi d6 A khong 1a GTR cia A.

+ Néu det(A — AI) = 0 thi hé c6 v6 sb nghiém khong tim thuong. Khi d6 A 1a mot GTR cia A
va mdi nghiém khong tim thudng ctia hé chinh 1a mot VTR cua A tng véi GTR L. N6i riéng,
¢6 vo sb VTR ung v6i GTR L.

. Gia sir A 12 ma tran chéo v6i cac phan tir trén duong chéo lan lugt 1a Ag, A, ..., A (Khdng

nhat thiét khac nhau). Khi d6 d& thdy mdi A; 1a mét GTR cua A, hon nira c6 thé chon VTR
cuia Atungvéilavi=(0,...,a,..., O)t, o0dayO#£aovitrithai,i=1,2,...,n.

. Nhu véy, d6i voi méi ma tran vudng A, det(A — AI) lién quan truc tiép dén cac GTR cua A.

Khi biét A 1a GTR cia A, viéc giai hé (A — Al)v = O cho ta ciac VTR cua A tmg véi GTR A.
Hon nira, viéc chéo hoa A cling lién quan dén cac GTR, VTR.

PA THUC PAC TRUNG VA THUAT TOAN TiM GTR, VTR
CHEO HOA MA TRAN VUONG

. Ménh dé: Véi bién s6 A va mdi ma tran A = [aij]n Vudng cép n, dinh thirc det(A — AI) 1a mot

da thtrc bac n cua bién A, ky hiéu y()). Hon nita ta c6
(W) = (1) + (- 1)n71(311 +ayp+ ... +am) A"+ L+ detA.

. Pa thire dac trung: y () duoc goi la da thirc dic truwng ctia A.
. Da thirc ma trdn

a) Cho da thirc p(x) = anX" + an1X"* + ... + a1 + ag. Khi d6 biéu thirc nhdn dwoc tir p(x)
bang cdch thay cdc lily thira ciia x boi cdc liy thiva ciia ma trdn vuéng A nao dé dwoc goi
la da thir ma tran:

P(A) = a,A” + a, 1A + .+ @A + agl.
O ddy ao trong p(x) dwoc hiéu la aox’ va do dé dwoc thay boi aoA’ = al véi I 1 ma trén
don vi cting cap véi A.

b) Pinh Iy Hamilton — Cayley: Méi ma trdn vuéng A déu la nghiém ciia da thire ddc trung

() cua no, tirc la x(A) = O (ma trdn khong vuong ciing cdp véi A).

. Bai toan: Cho ma tran A = [ajj], vudng cap n (n 1a so ty nhién duong). Tim cac GTR, VTR

ctia A (néu cd) va chéo hoa A (néu dugc).

. Thuat toan tim GTR, VTR va chéo héa

e Burde 1: Lap da thirc dic trung x(A): = det(A — AI) cia A (nén cb ging dua vé dang tich cac
nhan tu).
e Buéc 2: Giai phuong trinh dic trung (1) = 0 tim cac nghiém (néu co).
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+ Néu phuong trinh dic trung v nghiém thi két luan A khong c6 GTR nao, khong co
VTR nao va khong chéo héa dugc — Thuat toan dung.

+ Néu phuong trinh dic trung c6 nghiém thi tap nghiém chinh 1a tap tat ca cic GTR cia
A —> Lam tiép budc 3.

e Bude 3: Tim ho cac VTR ung voi timg GTR.

Ching han xét GTR A; nao d6. Ta giai hé phuong riéng (A — A; DX = O. Pay 1a mot hé
PTTT thuin nhat ma chic chin c6 nghiém khong tam thuong vi det A — A; 1) = (M) = 0.
Ho cac nghiém khong tim thuong chinh 13 ho cac VTR tng véi GTR A; dang xét.

e Bude 4: Quan sat ho cac VIR tuong tmg véi timg GTR dé nhan biét A c6 chéo hoa duoc
hay khong. Khi chéo hoa dugc, chon ma tran C lam chéo hdéa A tur chinh cac ho VTR dé
(xem trong vi du minh hoa).

6. Vi du minh hoa

5 4 6
Vidu3:Chomatrin A= |4 5 6 |. Tim cac GTR, VIR cua A (néu c6) va chéo hoa A
—4 -4 -5

(néu duoc).
Giai
¢ Da thirc dac trung cua A la
5-A 4 6

y) =det(A—AD)=] 4 5-x 6 |=(1-1)*(3-1).
—4 -4 521
e Giai phuong trinh dic trung ta duge y(L) = (1- A)*(3-21) =0 < A € {1, 3}. Do d6 A ¢6
dung hai GTR la A; =1, A, = 3.
e Xét GTR Ay = 1. Hé PT riéng twong ing nhu sau
4 4 6 (X 0
A-MDX=0<=A-DX=0<4 4 6 |x|=[0/<4xX;+4X+6X3=0.
—4 —4 —6|[x,| |0
3a 3a
Giai hé ta duoc X = 3b |;a,beR.Dodoho VIR tmgvédi Ay=11a u = 3Bb |;
—2(a+b) —2(a+b)
a,beR,a”+b*#0.
e Xét GTR A, = 3. Hé PT riéng tuong trng nhu sau
2 4 6][x] o] [x “+2x, +3x, =0
A-DX=0<A-3DX=0<|4 2 6|x|=|0|<=i2x +X, +3x, =0;
—4 —4 -8||x] [0 X +X 42X =0.
c c
Giai hé ta dugc X=| ¢ |,ceR. Dodo ho VTR tmg véi A, =3lav=|c |,Cc#0.

—C —C
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e Quan sat ho cac VTR (trong khong glan R®) ung voi cac GTR ta thiy tong s6 tham sb can
ding 14 3, dung bang s chidu cua R®. Do d6 A chéo héa duge. Cu thé ta chon ma tran C
theo ba c¢ot nhu dudi day.

3 0

+Choa=1,b=0taduocc;=|0|;Choa=0,b=1taduocc,=|3 |;
-2 -2
1 3 0 1
+Choc=1taduoccz=|1|. Chon C=|0 3 1|.KhiddC chinhla ma trdn lam chéo
-1 -2 -2 -1

hoa A va dang chéo cia A1aD =C*AC =

o Két luan
3a

+ A c6 hai GTR phan biét: - A1 = 1, ho VTR tuong tng 3 |: a beR,a?+bh®#0.
—2(a+Dh)
c
-A2=3,ho VIR tuong tng | ¢ |, c #0.

—C

3 0 1 100
+ A chéo hoa dugc béimatranC=|0 3 1 |vadangchéocuaAlaD=[{0 1 0
-2 -2 -1 0 0 3
0 1 0O
Vidu 4: Cho ma trdin A = |-4 4 0|. Tim cac GTR, VTR cua A (néu c6) va chéo héa A
-2 1 2
(néu duoc).
Giai
¢ Da thtrc dac trung cua A la
A 1 0
y(A) =det(A—Al)=|-4 4-x 0 | =—(2-1)>
-2 1 2—)

e Giai phuong trinh dic trung ta duge y(A) = — (2- 1)° = 0 < A = 2. Do d6 A ¢6 diing mot
GTR duy nhét A = 2.
e Xét GTR duy nhat Ao = 2. Hé PT riéng twong tmg nhu sau
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-2 1 0l[x] o
A-2DX=0<= (A-2)X=0<|-4 2 0||x,|=|0|<2X;—X2=0.
—2 1 0||x] |0

a a
Giai hé ta dugc X = |2a|;a, beR. Ho VIR tmg v6i =2 1a u= |2a|; a beR, a® +b*#0.
b b

* Quan sat ho VTR (trong khong gian R®) ung v6i GTR duy nhit A = 2 ta thay tong s tham
s6 can dung 13 2, nho hon s6 chiéu cia R® Do do A khong chéo hoa dugc.

o Két luan:
a
+ A ¢6 duy nhat mot GTR Ao =2 v6i ho VTR tuong tng |2a|; a, beR, a® +b® # 0.
b
+ A khong chéo hoa duogc.

111.3. SO LUQC DANG TOAN PHUONG (QUADRATIC FORMS)
111.3.1. KHAI NIEM VE DANG TOAN PHUONG
1. Pinh nghia: Cho n 14 s6 nguyén duong. Mot dang todn phwong n bién (thuc) q(x1, Xz, ..., Xn)
duge cho boi biéu thire dang sau day:

(X1, X2, ..oy Xn) = @y X2+ a,X o ta, X +2 Y a XX, (3.1.1)
I<i<j<n
& d6 a1, Az, ..., ann, & (1<1 <j <n) l1a cac s6 (thuc) cho trude, con X1, X, ..., Xn 1a n bién sb
(thuc). Doi khi, dé don gian ta chi viét q(xy, X, ..., Xn) 12 Q.

2. Vidu
Vidu5: q=2x°—4xy + 8xz — 3y* + 6yz + 5z° 1a mot dang toan phuong 3 bién.
Vidu 6: f=x%+ 3y + 2xy — 5xz + 9yz — 2x + 3y — 7z khong la dang toan phuwong vi chira
cac s0 hang bac nhat.

3. Nhén xét: Dic trung cua dang toan phuong 1 “biéu thive chi chiva toan nhitng sé hang bic
2, khéng c6 mdt nhitng sé6 hang khdc bic 2.

4. Biéu dién dang toan phwong dwéi dang ma trin
Xét dang toan phuong n bién q = q(x1, X2, ..., Xn) cho & (3.1.1). Pat

X a; &, -,
X a, a, - a
Xc= A= [agla=| "7 F
Xn a'nl an2 a'nn
¢ do aji: = ajj, 1<1<j <n. Khi do6 q duoc viét lai & dang ma tran nhu sau:
q=q(X1, X2, ..., Xn) = XLAX (3.1.4)
5 Vidu7
2 -2 4
+Matranciaqtrongvidu5la A=|-2 -3 3|.
4 3 5
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6. Nhan xét
+ A dugc goi la ma trdn ciia dang toan phuong q. NG 14 ma tran ddi xtng, tirc 1a A = A" (cac
phan tir dbi xtmg véi nhau qua dudng chéo chinh bang nhau: ajj = gji; IS1<j<n.
+ Khi q duoc cho ¢ dang (3.1.1), A duoc xac dinh boi quy tic “chia doi” cic hé sb cua cac
tich khong binh phuong x;Xj; I<1<j<n.

7. Hang ciia dang toan phwong — Dang toan phwong suy bién va khong suy bién
+ Xét dang toan phuong cho boi (3.1.4). Khi d6, rank(A) ciing dugc goi 12 hang cia q va viét
rank(q):= rank(A).
+ Khi rank(q) = n (s6 bién) thi ta noi q la dang toan phuong khong suy bién. Trai lai, néu
rank(q) < n (s6 bién) thi ta néi q suy bién.

8. Vi du 8: Trong vi du 5, rank(q) = rank(A) = 3 va q khong suy bién vi detA = — 64 # 0.

I11.3.2. DANG CHINH TAC CUA DANG TOAN PHUONG
1. Dinh nghia: Dang toan phuong n bién q = q(x1, X2, ..., Xn) = X.A.X duoc goi 13 cé dang
chinh tdc néu ma tran A cua q 1a ma tran chéo, tirc la aijj = aji = 0; 1<1 <j < n. Noi cach
khac, biéu thirc ctia q chua toan nhitng binh phuong:
q(X1, X2, +..» Xn) = &, X’ +a22x2 +.. +anan (3.2.1)
Lic nay, cac hé so a1, az, ann goi 1a cdac hé sé chinh tidc cua qg-

2. Dinh ly (Luat quan tinh): Pbi moi dang toan phuong n bién q, ludn co6 thé ddi bién dé dua q
ve dang chinh tac. Dang chinh tic cua q noi chung la khong duy nhit ma phu thudc vao céach
dbi bién. Tuy nhién trong mdi dang chinh tic cua q, s6 hé s0 khac khong la hang va chinh 1a
hang cua q; s6 cac hé sd duong va am ciing 1a cac hang sé chi phu thudc q chtr khong phu
thugc vao cach d6i bién dé dwa q vé dang chinh tic.

3. Chi sb cia dang toan phwong: Cho dang toan phuong n bién q = (X, X2, ..., Xn). Khi do s6
cac hé s6 duong trong moi dang chinh tic cla q duoc goi 1a chi so duwong (quan tinh) cua q
va ky hiéu béi s(q). Con s6 cac hé sé 4m trong mdi dang chinh tic ciia q duoc goi 13 chi sé dm
(quan tinh) va ky hiéu bai t(q). R0 rang s(q) + t(q) = rank(q).

4. Vi du 9: Gia sir dang toan phuong 4 bién q c6 dang chinh tac: q = 2x* —5x’ 4 3x’ (vang mat
x. hay hé s6 ctia X2 bang 0). Khi d6 ta c6 rank(q) = 3, s(q) = 2, t(q) = 1.

5. Thuét toan Lagrange dua dang toan phuong ve dang chinh tic
a) Bai toan: Cho dang toan phuong n blen q nhu ¢ (3.1.1). Hiy dua q vé dang chinh tic va

chi rd phép doi bién dé q c6 dang chinh tic do.
b) Thuét toan Lagrange
Y tudng co ban caa thuit toan 1a dung dang cia hiing ding thirc (a + b)? = a’ + 2ab +
b? dé bién dbi truc tlep biéu thire ciia q bang cach thém bét thich hgp nham lam xuét
hién binh phuwong din din ddi v6i tirng bién mét (xem vi du minh hoa)
Vi du 10: Hay dua dang toan phuong 3 blen sau day va dang chinh tic va chi 15 phép d6i
bién: q = qa(x,y, z) = 2x% — 8xy + 12xz + 11y* — 12yz + 57°. Tinh hang va céc chi s cua q.
Giai Bién ddi biéu thirc cua q ta duoc
q=2[x% - 2x(2y - 32) + (2y — 32)"] - 2 (2y — 32)? + 11y? — 12yz + 57°
= 2(x — 2y + 3z)? + 3y + 12yz — 137°
= 2(x — 2y + 32)? + 3[y? + 2y(22) + (22)°] - 127° — 137
= 2(x — 2y + 32)? + 3(y + 2z)* — 257°.
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Pit X =x — 2y + 32; Y =y + 2z; Z = z va thay vao biéu thtc cuqr q ta dugc dang chinh tic cua q
nhu sau: q = 2X% +3Y? - 2572 Do d6 rank(q) = 3 va q khong suy bién; s(q) =2, t(q) = 1.
I11.3.3. DANG TOAN PHUONG CO DAU XAC PINH
1. Pinh nghia: Xét dang toan phuong n bién bat ky q = q(x1, Xa, ..., Xn).
+ Ta bao q khong am hay nika xdc dinh dwong néu
g(X1, X2, ..., Xn) > 0; V Xq, X2, ..., Xy €R.
+ Ta bao q xdc dinh dwong néu q khong am va q(x1, Xz, ..., Xn) = 0 & X1= Xo=...= x, = 0.
+ Ta bao q khéng dwong hay bdn xdc dinh dm néu
g(X1, X2, ..., Xn) < 0; V X, X2, ..., Xy €R.

+ Ta bao q xdc dinh dm néu q khong duong va q(xa, Xz, ..., Xn) = 0 < X1= Xo=...= X, = 0.

+ Ta bao q ¢6 dau xdc dinh hay xdc dinh diu néu hoic 1a q khong am hodc 1a q khong
duong.

+ Ta bao q doi ddu néu q khong c6 ddu xac dinh, tirc 13 tim duoc cac vecto a = (a1, ay, ..., an)

va b = (by, by, ..., by) trong R" sao cho q(ay, ay, ..., an) <0 < q(by, by, ..., by).
2. Cach nhén biét tinh x4c dinh diu ciia dang toan phwong
Dé nhan biét tinh x4c dinh déu hay doi dau cia dang toan phuong q ta thuc hién cic budc
dudi day.
e Buéc 1: Bién ddi dwa q vé dang chinh tic:
q=ax’ +a,x +..+ax —a x , —a X, ,—.—a X

s427%5+2 S+t s+t
voi ;>0,i=1,2,....,s+t;s=5(q), t=t(q),s+t= rank(q) < n (s6 bién cua q).
e Buéc 2: Tir dang chinh tic nay ta di dén két luan. Cu thé la
+ Néu moi hé s6 chinh tic déu duwong, tirc 1a s(q) = rank(q) thi q khdng am.
+ Néu r = n va moi hé s6 chinh tic déu dwong, tirc 1a s(q) = rank(q) = n (s bién)
thi g xéc dinh duwong.
+ Néu moi hé s6 chinh tac déu 4 am, tire 1a t(q) = rank(q) thi g khong duong.
+ Néu r = n va moi hé sé chinh tic déu am, tic 12 t(q) = rank(q) = n (s6 bién) thi g
xac dinh am.
+ Néu c6 ca hé s6 chinh tic dwong 1in 4m thi q ddi diu.
3. Vidu
Vi du 11: q trong vi du 10 d6i dau.
Vi du 12: Cho dang toan g)huong ba bién phu thudc tham sé (thuc) m:
q=q(X,y, z) = mx" —4mxy + 2mxz + (5m + 1)y? — 2(3m + 1)yz + 3(m + 1)Z2.
Hay dua q vé dang chinh tic rdi bién luan vé déu cia q theo m.
Giai Trudc hét ta bién d6i q nhu sau:
q=m[xX¢—2x(2y — 2) + (2y — 2)°] — m(2y — 2)* + (5m + 1)y? — 2(3m + 1)yz + 3(m + 1)z
m(x — 2y + z)2 +(m+ 1)y2 —2(m+1)yz + 2m + 3)z°
m(x — 2y + z)* + (m + 1)[y* - 2yz + 7°] - (m +1)2° + (2m +3)z°
m(x -2y +2)* + (M + 1)(y - 2)° + (m + 2)2°,
Pit bién méi X =x -2y +2z; Y =y —z; Z =z ta duoc dang chinh tic cta q nhu sau:
q= mX2+(m+1)Y2+(m+2)Z2

T day ta cO:

+ (q khong am) < (ca m, m + 1, m + 2 déu khong 4m) < m > 0.

+ (q xé4c dinh duong) < (ca m, m + 1, m + 2 déu duong) < m > 0.

+ (q khong duong) < (ca m, m + 1, m + 2 déu khong dwong) < m < — 2.

+ (q x4c dinh am) < (cAm, m + 1, m + 2 déu am) < m < — 2.

+ (q d6i dau) < (trong m, m + 1, m + 2 ¢ it nhat mot cap trai ddu) < —-2<m<0.
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BAI TAP CUOI CHUONG III

I11.1. Tim GTR, VTR (néu c6) va chéo hoa (néu duoc) cac ma tran dudi day.

4 2 1 3 3 8 1 1
a)3—1’ b)3 1)’ C)z 3’ OI)—11
2 2 -5 2 0 3 1 8 3 2 90
e)[3 7 —15; g)|0 1 0 hyl2 1 4); 0|4 2 o]
1 2 -4 30 2 0 0 2 1 2 3
I11.2. Pua cic dang toan phuong sau day vé dang chinh tic, tinh hang va xac dinh dau ciia nd.

a) q=x*+2xy + 2xz + 3y* — 2yz + 6%
b) q=x*—2xy + 4xz — 6yz + 37°.
c) q=2x*+5y?+5z% + 4xy — 4xz — 8yz.
d) q=2xy +4xz - 6yz.
111.3. Bién ludn theo tham s thuc m vé chi s6 4m duwong va dau cia dang toan phuong dudi day.
a) q=-—x>—2xy +4xz - 2y* + (m-9)z%
b) q=x*—2xy + 4xz — 6yz + (m + 3)z%
C) q=x—2xy +4xz + 2y* — 6yz + (m + 2)7°.
d) g=mx?—2mxy + 4mxz + (m +1)y? + 2(1 — 2m)yz + (m® + 4m + 1)Z°.
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